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Abstract 

We generalize the results of [33] , [H] , [5] to study the inverse scattering problem 
of the Ward equation with non-small data and solve the Cauchy problem of the 
Ward equation with a non-small purely continuous scattering data. 
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1. Introduction 



The Ward equation (or the modified 2 + 1 chiral model) 

(1.1) d t {j- x d t J) - d x (J~ 1 d x j) - d y (J^dyJ) - [J- x d t J, J- X d y j) = 0, 

for J : R 2,1 — > SU(n), d w = d/dw, is obtained from a dimension reduction and a 
gauge fixing of the self-dual Yang-Mills equation on K 2 ' 2 [8], [19]. It is an integrable 
system which possesses the Lax pair 23 

(1.2) [Xd x -dt- Xd v -d x - J- X d x j] = 

i 
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with £ = *±*, r) = Note (HU) implies that J~ 1 d^J = -d x Q, J" 1 ^ J = -d n Q. 
Then by a change of variables (r], x, £) — > (a;, y, i), (|1.2p is equivalent to 

(1.3) (d y - Xd x )V(x, y, t, A) = {d x Q(x, y, t)) *(x, y, t, A), 

(1.4) (d t - X 2 d x )V(x,y,t,X) = (Xd x Q + d y Q) &(x, y, t, A) 
[llj . and the Ward equation fll.lj) turns into: 

(1.5) 9x5 t Q = ct 2 Q + [a„Q, &Q] . 



The construction of solitons, the study of the scattering properties of solitons, 
and Darboux transformation of the Ward equation have been studied intensively 
by solving the degenerated Riemann-Hilbert problem and studying the limiting 
method [53], [H], [H], [2], [3J, [J5], [26]. In particular, Dai and Terng gave an 
explicit construction of all solitons of the Ward equation by establishing a theory 
of Backlund transformation [7] . 

For the investigation of the Cauchy problem of the Ward equation, Villarroel 
[22], Dai, Terng and Uhlenbeck [8] use Fourier analysis in the £,y-space to study 
the spectral theory of C\ = d y — Xd x in (|1.3|) . whilist Fokas and Ioannidou [XT] 
invert C\ by interpreting it as a 1-dimcnsional spectral operator with coefficients 
being the x-Fourier transform of functions. In both cases, small data conditions of 
Q are required to ensure the invertibility of C\ and the solvability of the inverse 
problem. Under the small data condition, the eigenfunctions ^ possesses continuous 
scattering data only and therefore the solutions for the Ward equation do not 
include the solitons in previous study. 

Nontheless, the approach of Fokas and Ioannidou [TT] shows that: after taking 
the Fourier transform in the x-space, (jl.3l) looks similar to the spectal problem of 
the AKNS system 

(d x - AJ)*(x, t, A) = q(x, t)$(x, t, A). 

Where J is a constant diagonal matrix with distinct eigenvalues. The solution of 
the forward and inverse scattering problem of the AKNS system is fairly complete, 
due to the work of Beals, Coifman, Deift, Tomei, Zhou [4], [6], [9]. In particular, 
the inverse scattering problem for the AKNS system and its associated nonlinear 
evolution equations is rigorously solved for generic q € Li without small data 
condition [5]- 

The purpose of the present paper is to remove the small data condition in solving 
the scattering and inverse scattering problem of (|1.3p and the Cauchy problem of 
the Ward equation (jl.5[) with a purely continuous scattering data. We summarize 
principal results as follows: 

Theorem 1.1. Let Q € Poo,2,o- Then there is a bounded set Z C C such that 

• Z n (C\K) is discrete in C\R; 

• For X G C\ (MUZ), the problem il.S\) has a unique solution "J and $-1 G 
OH 2 ; 

• For (x, y) GlxK, the eigenfunction ^(x, y, •) is meromorphic in X £ C\R 
with poles precisely at the points of Z Pi (C\K); 

• ^(x,y, X) satisfies: 

(1.6) lim *(-,y,A) = l, lim *(a;,-,A) = l, for X e C\ (R U Z), 

(1.7) •) tends to 1 uniformly as |A| — » oo; 
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• ^(x,0, A) satisfies: 

(1.8) d l x ('J' — 1) , i — 0, 1, 2, are uniformly bounded in L2(dx) for 

A G C\ (R Ua 3 gz (Xj)) . For any Zj 6 C\M, /?a;in 5 e fc /or Vfc ^ j 

and letting Cj — > 0, t/iese L,2(dx)-norms increase as Cje^ hj with 
uniform constants Cj, hj > 0. 

(1.9) $-1, d x ^^0 in L 2 (dx) as X oo. 

Where e >£_,■> are any given constants, D e (Xj) denotes the disk of radius e 
centered at Xj . 

Here the function spaces Poo, 2,0, and EDH 2 arc defined by 
Definition 1. 

= {fe(a;,y) :KxI^ su(ra)| 

ICVeUiCdedy), ll^?(^.y)lii(3/)lz, 2 (de), 

l^^gk^, sup y |9^9^| il(da . da) < oo 

/or 1 < i < max{5, ki}, < j, I < max{5, fci}, 1 < h < k\, < s < k2 }. 

DH fe 

= {/ \dl x f{x,y) are uniformly bounded in L 2 (^,dx), < i < k.} 

To derive Theorem ll.il we transform the existence problem of ^ into a Riemann- 
Hilbert problem with a non-small continuous data by the translating invariant and 
the derivation properties of the spectral operator C\, and an induction scheme. 
Hence the scheme of Section 10 in [4] can be adapted to solve the Riemann-Hilbert 
problem. That is, we first approximate the solution by a piecewise rational function. 
Then the correction is made by a solution of a Riemann-Hilbert problem with small 
data and a solution of a finite linear system. Since the eigenfunction obtained in 
each induction step consists the data of the Riemann-Hilbert problem in the next 
step, we need to obtain the ff 2 -estimate (|1.8p of the eigenfunction. Besides, the 
boundary estimate (|1.9j) and the meromorphic property are derived in each step to 
assure the solvability of the linear system. 

In general, the points in Z, i.e., poles of ^>(x,y, A), will occure or accumulate 
on the real line, or the limit points will accumulate themselves. Assuming higher 
regularities on the potential Q and Z = Z(^f) = <f) (there are no poles of ^{x, y, Xj), 
we can extract the continuous scattering data: 

Theorem 1.2. For Q G Poo,fc,i> k > 7, if Z = <f>, then there exists uniquely a 
function v{x, y, X) £ & c ,k which satisfies 

V + (x,y,X) = ^-(x,y,X)v(x,y,X), A e R. 

Where the space 6 c ,k is defined by 

Definition 2. Let & c ,k, k > 7, be the space consisting of continuous scattering 
data v(x,y,X), Ael, such that v satisfies the algebraic constraints: 



(1.10) 
(1.11) 



det (v) = 1, 
v = v* > 0, 
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and the analytic constraints: for i + j < k — 4, 

(1.12) £ x v = 0, v{x, y, A) = v(x + Ay, A) for Vx, y E M, 

(1.13) d l x d 3 y (v — 1) are uniformly bounded in R £ 2 (R, dA) PI £i(R, dA); 

(1.14) (u - 1) -v uniformly in L x n L 2 (R, dA) n Li(R, dA) 
as |x| or |y — > oo; 

(1.15) d\v are in 2v2(R, dA) and the norms depend continuously on x, y. 
Where C\ = d y — Xd x . 

The characterization of the scattering data v £ & c ,k is necessary. Since the 
Cauchy integral operator will play a key role in the inverse problem. The study of 
the asymptotic behavior of the scattering data v (hence the asymptotic behavior 
of the eigenfunctions VE 1 ) is important. Because the Cauchy operator is bounded in 
Li [TB], in general, an L2-estimate of \? and its derivatives will be good enough. 
However, a formal calculation will yield (| 1 . 1 9[) if the inverse problem is solvable. 
Hence we provide the estimates (|1.13[) - (|1.15[) . 

The derivation of (|1.13|l - (|1.15|l basically relies on the L2-boundness of the Cauchy 
operator and the estimates obtained in the small-data problem. In particular, both 
of the 1-dimensional (Fokas and Ioannidou [TT] or (|2.7p ) and the 2-dimensional for- 
mulation (Villarroel [55] or (|3.1[1 ) of the spectral problem are crucial in the deriva- 
tion of the estimates with small data condition. That is, using (|2.7[) . boundness or 
integrability in x-variablc of the eigenfunctions $ comes hrst from the differentia- 
bility and integrability of the potentials Q via the Fourier transform. Then, strong 
asympote in x, y or A- variable of the eigenfunctions \P can be obtained by (|3.1|) and 
previous estimates. We lose some regularities in deriving strong asymptote. See 
the proof of Theorem 13. II for example. 

For the inverse problem, our results are: 

Theorem 1.3. Given v(x,y,X) E & c .k, k > 7, there exists a unique solution 
^(x, y, ■) for the Riemann-Hilbert problem (A E M, v(x, y, A)) such that 

(1.16) $ — 1, d x ^, d y ^ are uniformly bounded in ^(R, dA). 
Moreover, for each fixed A ^ R, and i + j < k — 4, 



Theorem 11.31 is proved by a Riemann-Hilbert problem with a non-small purely 
continuous scattering data. Without uniform boundedness of d\v, we need to 
handle seperately the Riemann-Hilbert problem for |A| > M >> 1 and |A| < M. 
For |A| > M >> 1, the Riemann-Hilbert problem is a small-data problem and 
hence can be solved. For |A| < M, the Riemann-Hilbert problem is again factorized 
into a diagonal problem, a Riemann-Hilbert problem with small data, and a finite 
linear system. Note we obtain the globally solvability by applying the Fredholm 
property and the reality condition (jl.lip . 

Moreover, good estimates for \1/ can be derived only for A ^ R. However, it is 
enough to imply satisfactory analytical properties of the potentials. 



(1.17) 
(1.18) 



fi^aj* E L^dxdy), 
d x d y (^ — 1) — ► in L oc (dxdy), as x or y — > oo. 
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Theorem 1.4. Given v(x,y,X) £ & c ,k, k > 7, the eigenfunction ^ obtained by 
Theorem \1.3\ satisfies il.3\) with 



and ^(x, •, A) — ► 1 as y — > — oo. Where d x Q(x, y) £ su(n), and for i + j < k — 4, 
i > 0, d l x d y Q, d y Q, Q £h 00 , d l x d y Q, d y Q, Q — > as x or y — > oo. 

Applying Theorem [OlfOl we extend the results of [Hj, [IT], [E] by: 

Theorem 1.5. If Qo £ Poo,fc,i> k>7, and there are no poles of the eigenfunction 
'Jo of Qo, then the Cauchy problem of the Ward equation hl.5\) with initial condition 
Q(x, y, 0) = Qo(x, y) admits a smooth global solution satisfying: fori+j + h < k—4, 



The paper is organized as: In Section[2l we review an existence theorem of Fokas 
and Ioannidou [llj by an analytical treatment. In Section [3l under the small-data 
constraint, we analyze the asymptotic behavior of the eigenfunctions. In Section [4] 
and[5l we solve the direct problem by justifying Theorem ll.il and ll.2l The inverse 
problem is complete in Section[B]by proving Thcorcm ll.3l and ll.41 Finally, Theorem 
11.51 is proved in Section [71 
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Given a potential d x Q(x, y) :lxR^ su(n), and a constant A £ C, we consider 
the boundary value problem 



(1.19) 




i 2 + j 2 > 0, 



9 x Q(x,y,t) £ su(n), 

OldffiQ, d t Q, Q£L oc , 

d x d y dtQ, d t Q, Q — > 0, as x, y, t — > oo. 



2. Direct problem I: Eigenfunctions with small data 



(2.1) 
(2.2) 



d y f(x, y, A) - \d x *(x, y, A) - (d x Q) ${x, y, A) = 0, 
^(x, y, A) — ► 1, as y — > — oo. 



To investigate the problem, we denote throughout that 



Definition 3. 



P 



{d x q(x,y) : K x 



R 



su(n)\\m,y)\ 



L 1 (d^dy) < 1} , 



z 



z 
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Where " is the Fourier transform with respect to the x-variable, M n (C) is the space 
of n x n matrices, and for f E M n (C) 

|/| = trace (/*/)', /* = J T , 

l/(^y)k (d o= / 

Theorem 2.1. Suppose Q 6 Pi. XTien /or a^/ /iiced A € C 1 * 1 , f/iere is uniquely a 
solution * of \2.1\) and i2.2\) such that f-l€l Moreover, for A E C ± ; 



lim *(-,y,A) = J, lim *(s,- J A)=/. 

|a;|— *-oo »oo 



(2.3) 

Proof. Write * = 1 + W. Then ([2J]) . d2~2]) are transformed into 

d y W - X0 X W = (d x Q) W + d x Q, 

W(x, y, A) — > as y — > — oo. 

Taking the Fourier transform with respect to the a;- variable (in distribution sense) , 
we obtain 

d y W(£, y, A) - it\W(t y, A) = (fiti)W(£, y, A) + y). 
Thus we are led to consider the following integral equations 



(2.4) W(Z,y,\) = { 



J v 

roc 

e 



7-oo e imv - y,) (dlQ * W + c\Q) dy', if X £ C+, £ > 0; 
P iM{y-v') (g^Q * W + d^Q^j dy', if X E C+ £ < 0; 
32 AC(y-y') /^q + + gTg^ dy ^ ifX 6 c~, £ > 0; 

/*«, e 4A «^-^) (djj * W + c^q) dy', if X G CT, ( < 0. 
Where * is the convolution operator with respect to the ^-variable. Define 



£a/(£,v,A) = < 



7-oo e 4A «to-^') (CQ */) (C,y',A)dy', if A eC+(>0 

' _ J~ e iAfi(v-v') ^ * ^ ^ ^ A) dy ^ if x G C +, £ < 

e lA ««')(CQ*/j K.s/'.A)^', if AeC-,£>0 

e <Af(v-v') (g^Q , ^ (£,y',A)<V, if A G C", £ < 



Thus (J23) turns into 

'<W + /-oo e lA€( ^ y,) ^Q(C, 2/W* if A g C+, $ > 0; 

^ - J^e^y-y'^dxQ&y^dy', if X G C+, £f < 0; 

/C A T? - /~ e lA «^^')c^Q(e, if A G C~, £ > 0; 

+ /!! 00 e iA «(»-»')fl x Q(^ s y , )dy / , if A G CT, £ < 0. 

where f^ oo e iX t(y-y')d x ~Q(£,y')dy', /~ e a «(^')^Q(£, G Xby Q G Pi. Note 



(2.5) W=< 



< 



|9xQ(^y')Ui(dol/(^y')Ui(dc:) rf y' 
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Hence 

(2.6) 

So 



Kx ■ X -> X, 



< |^Q(e,y)|L l(rf ^) <l. 



= < 



if A G C+, i > 0; 
if A G C+, £ < 0; 
if A e C-, £ > 0; 
if A e £ < 0. 



*(a;,i/,A) 



if A G C+ 



if A G 



. (1 - /Ca)- 1 J!^ eWy-y')d x Q(Z, y')dy', 

Hence (|2.4p is solvable if Q G Pi. Furthermore, the eigenfunction of (|2.ip . (|2.2p is 

given by: 

(2.7) 

e «(*+A( 1 ,-y')) * ^ ^ A) + y')J 

i • -t/\''i.r\^' r </;;<) • 

^ e^+^-f')) (^Q * W((, y', A) + d x Q(£, V')) ■ 

The uniqueness follows from (|2.ip . (|2.2p . (|2.6p . the definition of X, and the 
contraction property of /Ca. 

The uniform boundedness of W comes from Definition [3J (|2.6p and Q G Pi. By 
(|2.7p . * H^, 9 X Q G Li(d£dy) and the Riemann-Lebesque Theorem, we obtain 
*(-,y, A) -> 1 as |x| -> oo. On the other hand, (|2~7| . sTq*^, d^Q G Lx(d£dy) and 
the Lebesque Convergence Theorem imply that ^(x, •, A) — » 1 when |y| — > oo. □ 

Lemma 2.1. Suppose * satisfies pTT]) . J&ty . Then for A ^ M, 

det*(x,y, A) = 1. 

Proof. Let ei, • • • , e„ denote the standard basis for C™, ?/>fc the fc-th column vector 
of the matrix 'J. Let A fc (C n ) denote the space of alternating k forms on C n . Hence 
«/>i A ipz A • • • A ip n — (det ^P) (ei A e2 A • • • A e„). Taking derivatives of both sides, 
we derive 

{{d y - Xd x ) (det *)} (ei A e 2 A • • • A e n ) 

(d y - Xd x ) {(det *) (ei A e 2 A • • • A e n )} 

(5,, - A<9 X ) {V'i A ip 2 A • • • A ip n } 

= {(d y - Xd x )il)i} A • • • A Vn H h V-'i A • ■ • A (9^ - A<9 x )^ n 

= (d x Q) Vi A • • • A ipn H h ipi A • • • A (dzQ) Vn 

= (trace c^Q) ^i A ip2 A • • • A ip n . 

So 

(9 y -Aa 2; )(det*) = 
by d x Q G su(n). Moreover, for A ^ K, the equation turns into the debar equation 

d- z (det *) = 0, x,y E K, 

by the change of variables: 

(2.8) x + Xy — x + iy — z, x, y G R. 

Therefore the Liouville's Theorem and (|2.3p imply that det \& = 1, for A ^ M. □ 
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Lemma 2.2. Suppose that Q G Pi. Then the reality condition 

9(x,y,X)9(x,y,Xy =1 
holds for the eigenfunction ^ . 
Proof. By Lemma |2.1[ one derives 



-V(x,y,Xy 1 ((d y -Xd x )V(x,y,Xr)*(x,y,Xy 1 
— -l (-, = — : — ; =" T \ , - s -l 



= -*(x,y,Xy l(d y - Xd x )^(x,y,X) )*(x,y,\) 

= -^(x,y : Xy~\(d x Q)^(x,y,X)y^(x,y,Xy^ 
= -(d x Q*)V(x,y,Xy~ l 
= (d x Q)*(x,y,Xy~\ 

Besides, noting \f n \i J1 (dt) — l/l2i(df) an< ^ ^ ne boundary condition of \&, we obtain 
— 1 G X. Hence the lemma follows from the uniqueness property in Theorem 
1231 □ 

3. Direct problem II: Asymptotic analysis with small data 

The results and arguments will be applied or adapted in Section [4] and 03 
Denote 

OO />OG 



(f *x,y g) (x, y) =11 f(x - x',y -y')g(x',y')dx'dy 

J —oo J — OO 

(/ * Z , E g) (z, z) = j Jj( z -c,z- CMC, QdC<K 

By the change of variables (|2.8p . we then have 
(d y - XdxY 1 = -^r-dg 1 = 



Lq- 1 = —* - 1 S S n ( A/ ) -, 

2Xi z 4ttA/z z ' z 2wi x + Xy x,v 



with A = \a + iX]. Now let S be the set of Schwartz functions. If Q G Pi n S, then 
the eigenfunction W obtained by Theorem 12. II satisfies 

(3.1) * = 1 + G A ((0*Q)*) 
Where 

(3.2) Gxf(x,y,X) = -— / / da; 



The following lemma is due to Richard Beals. 

Lemma 3.1. Suppose ip G S. For |A| ^ and \Xi\ < 1, 
C 

\G\ip\ < 7TT(sup \d y (fi\ Ll{dx) + SUp I^U^rfx) + \V>\Li(dxdy))- 

\ A \ y y 
Where C is a constant. 
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Proof- Let i = So 



(3.3) 
Write 



1 _ 1 . A/ 1 

A s Xr s : 



1 , 1 

< 



'!/ + !'- Iy + !l' 



G\<p 
2mX^ 



«'+^|<i 



sgn(Aj 



| ip(x -x',y- y') - ip(x -x',y+ |-) 

y' + f y 



+ / / sgn(Aj) 



Ij/'+^-|<i 
h + h + h- 



y + a 



In view of (|3.3p , it is easy to see that 
\h\< ' 

(3.4) < 

(3.5) \I 2 \ < 
Finally, 



. sup \d y (fi(x - x',y - z)\dx' 
2tt|A| J Z ,\ Z+S L\ <X 

C 

— T sup|9„^| il(da .), 



2vr|A| 



|sgn(Aj) 
log 



»'+^|<i 2/ +T 



This yields 



(3.6) 



, .Xjx' . A/x' 

arg(l - j- — ) - arg(-l - i- — ) 
\ R s A R s 



13 - ¥x\J \v( x - x '>v+^;)\ dx ' 
c 

< TTT SU Pl^Ul(cix)- 

l A l y 



< 7T 



Combining (|3.4|) , (|3.5[) . and (|3.6p , we prove the lemma. □ 

Lemma 3.2. Suppose that Q £ Pi n<S. Then there exist a constant C'n such that 

\d?V\ < C N . 
Where Cn is a constant depending on Q. 
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Proof. Since 



N 



k=0 
N 



N 



It suffices to prove f W G X for < fc < iV. This can be proved by induction on k 
and using the same argument as in the proof of Theorem 12.11 if |£ A 7 d x Q\Li(d£dy) < 
oo. □ 

Definition 4. Define 

Pi,fe = {d x q(x,y) :RxM^ su(n)| Itfii&y^L^didy) < 1, mrf 



/or 1 < i < max{5, k}, <j, h < max{5, A;}.} 



Note that Pi G Pi,*- For simplicity we abuse the notation d x d ] y Q, d x d^ by 
Qx ■ ■ -xy ■ ■ -y> an d ■ ■ ■ xy ■ ■ ■ y hi the remaining part of this section. 

Lemma 3.3. Suppose that Q G Pi^, k < 5. TTien 

< C N , < N < 4. 

Moreover, as |A| — > oo ; 

< i± 

Where Cn, C is a constant depending on Q. 

Proof. The uniform boundedness of 'J/, < N < 4 in Lemma [3~2l will be used in 
the proof. A direct computation yields 

(3.7) *-(l--|)=*(l-*- 1 (l-^)), 

(3.8) (d v - Xd x ) ^- x (l - = -i*- 1 (Q y - Q X Q) . 



So 



*x (l - *- x (l - f )) - * - f )) = ^ + h 
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by (13. 7|) . Therefore, inverting the operator d y — Xd x in ()3.8|) and applying Lemma 
ETT1 153] we have 

\h\ = t^tI^IIGa^-^Qv-QxQ))! 



< 



< 



|A| 
C 

ICQ* Ui (sup | - Q*Q)) y U^dx) 

+ sup |*- X (Q W - Qx<2)U l( dx) + (Q s - Q^Q) UiC&dy)) 
C 1 

i=0 y 

+ SUp I (Q„ - Q x Q) y |ii(dx) + |Qw _ QxQ|z,i(dxd!/)) 



c 



y 
l 



^ TTT2 E lfQ*k(**o(G A ** + Qx*!^ + 1) sup |Q„ - Q x Q\ Ll 



(dx) 



■ SUp | (Q y - Q X Q) V Uj(dx) + |Q« - QxQ\L 1 (dxdy)) 
V 



1 \ 2 



< 



< 



vi=0 / j,fc=0 L y 



W\ 
c_ 

|A| 

as |A| — ► oo. Taking the x-derivatives of both sides of (|3.8[) . we derive 

N = L\| I* Ga - QxQ)) x I 

< T^(SUP| (^^(Q^-QxQ^^lLxfdx) 



+ sup|(tf 1 (Q y -Q :c Q))jL 1 (d :c ) + |(* x (0y - QxQ)) x Ui(dx 

2 \ 3 

|A| 



- TxT ( El^*^ ) E 



sup\did k y Q\ 2 Li{dx) + \did h y Q\l 

1 (dxdy) 



< 



=0 / j,fc=0 

Here we have used that (|2. ljl and Lemma I3~2l 

By the same scheme as above and the following equalities 

*» + ^= *xx (l - - j )) + 2*. (l - - |) 

+ = *xxx (l - - f )) + 3* ra (l - - f ) 
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one derives 



< 



c_ 



vi=0 
' 4 



(didy) 



si=0 



E 

j,k=0 
5 

E 

j,k=0 



sup\did k y Q\ 2 Li(dx) + \d x d k y Q\l 

i (dxdy) 

y 

\WQ\ 

Li (dxdy) 



snp\dld*Q\l i(dx 



Hence the estimates for $ XI and $ m follow. 
Lemma 3.4. Suppose that Q £ Pi,fe, k < 5. TTien 

(3.9) — ' C 

(3.10) 



□ 



M < 



c 



^' J |A|' 

as |A| — > oo. Where C is a constant depending on Q. 
Proof. Using the formula 



*« + ^ = *^l-*- 1 (l 

and Lemma 13.31 one can derive 



A 



//i + U, 



\Ih\ 

= 2-\* y G x {V- 1 {Q y -Q x Q))\ 
C 

< TT12 l*s/K su P I ~ QxQ)) v \ Ll (dx) + sup ^^{Qy - Q x Q)\ Ll {dx) 

\ A \ v y V 



+|* 1 (Q y -Q 3; Q)|L 1 (d a: d y )) 



< 



< 



C 



EifQxiL 



si=0 



3 

E 

j,fe=0 



1 (dxdy) 

V 



< 



< 



< 



(by estimates of I\ , and I2 in Lemma 
C 

w 

\Ih\ 

±-\*G x (y-\Q v -Q x Q)) y \ 

C 
|A| 2 



(aup|(* 1 (Q y - QxQ)) \h 1 {dx) + sup I - Q X Q)) 



x) 



+ 1 (Qi/-Q*Q)v)Ui(«*«&)) 



c 



1^1 ^E l^*^lii(<««Jv) 



E 

j,fe=0 

estimates of ^ X x in Lemma\3_ 

C_ 

|A| 



1 (dxdy) 

y 
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Where the estimate \^ yy \ = \X 2 ^ XX + KQx^)x + (Q x ^) y \ has been used. Thus 
(|3.9p is proved. On the other hand, we write 



A 



Q 



Q 



Ilh+IIh+IIh+III^, 

Similarly, one can verify 



l 7//l i- Tap S l^^ B lii(«*) XI 

1 1 i=0 j,k=0 

c 3 •— - 4 

' ///2 ' - TTj2 H l^^lL(d^) 



|A| 
C 



i=0 
3 



4 



i (dxdy) 

. y 

i (dxdy) 



l /7/ 3|< TTiaEl^-liiW*) £ 



|A| 3 

Tjl'52\CQx\L 1 (d£dy) ^2 
1 1 i=0 j,k=0 



i=0 
4 



j,fc=0 
5 



sup|^9 y fc Q|| i(d:c) + |^Q|i i 



(dxdy) 



sup\did k y Q\ 2 Li{dx) + \did k y Q\ 2 Li 



(dxdy) 



by Lemma [3731 (|3.9[) . Hence we prove (J37T0J) . 
Theorem 3.1. If Q 6 Pi,*, fc < 5, then as |A| — > oo, 



□ 



(3.11) 
(3.12) 



l*(^,A)-(l-^|<^, 



c_ 

w 



\d x V(x,y,\) + 



A " 1 y 

Where C is a constant depending on Q. 

Proof. Applying (|3.8p . Lemma |3~31 and 13.41 we obtain 

i»-H 



< 



A |A| 2 ' 



C - 

l^p-IQ^Ui^d^d sup (Q y - QxQ)) y \h 1 (dx) 

+| sup*" 1 (Q v - Q X Q) \ Ll(dx) + I*" 1 (Q v - Q X Q) \ Ll(dxdy) ) 



< 



C 

W 



^2\cQx\i l(didv) 

j,k=0 



i=0 



sup\did k Q\l i(dx) + \dld k Q\t i{dxdy) 
v 
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as |A| — > oo. Therefore, ()3.11j) is proved. 

To proved (j3 . 1 2[) . we used the results of Lemma l3.3[ and 13.41 to improve the 
;imates of I\, I2, Hi, and H2 in the proof of Lemma l3"Ul 13.41 More precisely, 



estimates 



< 



< 



\h\ = 



< 



\Ih\ = 



< 



< 



^xWGxi^iQy-QxQ))] 
i^l*x|(sup I (*" x (Q y - Q x Q)) y \ Ll(dx) 

+ SU P \9~\Qy ~ QxQ)\ Ll (dx) + (Qy - QxQ) \ Ll (dxdy)) 

V 

1 (dxdy) 



|\|3 X] I^^Hl (dtdy) 51 
1 1 i=0 j,k=0 



|1|*g a {#-HQv-Q*Q)) a 



(j 

< |^p(sup I - Q x Q)) xy \htidx) 

+ I (* 1 {Qy - QxQ)) x \L x (dxdy)) 

y 



c r 

T7|2 X/ ^Qxliiididy) SUP \^ > xdyQ\ 2 L 1 (dx) + 1 9 J x dyQ \ 2 Ll Mxdy) 

|A| i=0 i,k=0 L y 



C 

— 12 |*y|(sU P I " QxQ)) W{dx) 

+ SU P |* _1 (Q„ - QaQJU,.^) + |* _1 (<9» - QxQ)\ Ll (dxdy)) 
y 



c 

|Tj3 If Qx\\ x {d£dy) ^2 
1 1 i=0 j,k=0 



1 (dxdy) 

. y 



\II 2 \= —\y Gx (y- 1 (Qy-Q x Q)) y \ 

+ su P I (*- 1 (Q 1) - Q^Q)) | Ll (dx) + I (* _1 (<9i, - QxQ) y ) UiC^dw}) 



< 



^2\CQx\ 2 Ll{d (. d y) 



j,fc=0 



1 (dx 



Here = + Q xy ^ + Q x ^y\ and (|3.10[) have been used in the estimation 

of/J 2 . ' n 

By induction, we can generalize the results of Lemma 13.2113.41 and Theorem 13.11 

to 
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Corollary 3.1. Suppose that Q 6 Pi,*. Then for i + h < max{fc,5} — 4 and as 
\X\ — > oo, 

\%$9{x, y, A) - dld h y (l |) | < 

Remark 1. /n general, the scattering transformation is a generalized Fourier trans- 
form. That is, it maps smooth potentials to decaying scattering data, and decaying 
potentials to smooth scattering data. As is known, the asymptotic expansion of 
eigenf unctions is related to the decayness of the scatterig data. However, in the 
case of Ward equation, even for the Schwartz potentials, the second order asymp- 
totic expansion of Theorem \3.1\ seems difficult to be improved. To see it, the second 
order coefficient of the asymptotic expansion and an analogue of \3.8\) need to 
be introduced. That is 

V 2 (x,y) = f {-Q y + Q x Q)(x',y)dx', 



<y) = / (-Q y + Q x Q)(x',y)dx', 



$(x) = / 4>(x')dx', I <f>(x')dx' = 1, 

J —oo J — oo 

f(x,y) = # 2 (x,y) -c(j/)$(x). 

and 

(3.13) (d y - \d x ) U-\l -9. + i*" 1 (0„* a Q x * 2 ) 

Where 4> is a Schwartz function. Then f(x,y), c(y) are Schwartz. It can be checked 
that ^2 does not possess integrability in the x-variable. This causes troubles in esti- 
mating \*5f — (1 — ^ + -jr) while inverting \3.13\) to derive a higher order asymptotic 
expansion of ^ . 

4. Direct problem III: Eigenfunctions with non-small data 
First we introduce 
Definition 5. The Cauchy operator C and its limits C± are defined as: 



C ± /(A)=lim_ 0+ ^/r co ^f&)^ AeK. 

It is well-known that C± are bounded operators on L p (R) for 1 < p < oo, and 
C±/(A) = lim^ 67(A), A e R, A G C± [18]. 

Definition 6. Suppose v(X) is defined on R. A function \1/(A) is called a solution 
of the Riemann- Hilbert problem (A £ R, v ) if 

i f ^-(t) Mt) - l) 

* A = 1 + — / v M V ~dt 

2ni J R t-X 

l + C(V-(v-l)). 

Where \1>±(A) = lim^^ A ^(A), A £ 1, A £ C ± . Moreover, the function v(X) is 
called the data of the Riemann- Hilbert problem (A € R, v). 
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Suppose the data u(A), Ael satisfies d\ (* - 1) £ L 2 (M., dX), for i = 0, 1, 2. It 
can be seen that ^ is a solution of the Riemann-Hilbert problem (A 6 R, t>) if and 
only if 

^ = 0, AG C ± , 

*+ = Ael, 

* — > 1, as |A| -> oo. 

Lemma 4.1. Suppose the data u(A), A € R, satisfies: 

v-le L 2 (dX), 

\v-l\ Laom \\C±\\ 2 < 1. 

T/ien </ie Riemann-Hilbert problem (A 6 R, w) /ias a unique solution "J such that 
$ - 1 € ico(dA) n i 2 (rfA). Moreover, z/iJ fe = {/|c^/ € L 2 {dX), < j < k} and 

\v - l|ff*(dA) << 1, 

for some constant C . 

Proof. The proof can be drived by an adaptation of the proof of Theorem 8.9 and 
9.20 in @|. □ 

Lemma 4.2. Suppose the data u(A), A £ 1, is o scalar function satisfying: 

• v(X) ^ 0, VA; 

• IZo dar ^(X) = 0; 

• v — 1, d\v £ L 2 (dX). 

Then the Riemann-Hilbert problem (A £ R, v) has a unique solution \&. Moreover, 
if 

v-lG H k {d\) 

then 

l*± - lU*=(dA) < c \ v - Mh*(<i\)- 
Where H k (dX) = {f\d\f £ L 2 (dX), < i < fc}, and C is a constant depending on 

Proof. Note that by the Sobolev's theorem, u — 1 £ Co by condition u — 1, Sa^ £ 
L 2 (dX). Here Co denotes continuous functions with limit at oo. Hence the proof 
can be found in Appendix of [3]. □ 

Lemma 4.3. Suppose Q £ Poo,2,oriPi. Then the eigenfunction obtained in Theorem 
\2.1\ satisfies: 

(1) d l x (^(-j y, A) — 1), i = 0, 1, 2, are uniformly bounded in L 2 (dx); 

(2) ^(-, y, A) — 1, d x ^{-, y, A) — > uniformly in L 2 (dx) as X — > oo. 

Proof. By noting that the Fourier transform is an isometry on the L2 spaces, to 
prove (1), it suffices to show that (*W, i = 0,1, 2, are uniformly bounded in L 2 (d£). 
We will only treat the case of A £ C + and £ > for simplicity. Other cases can be 
handled similarly. Note 

\fc\f(£,y,X)\L 2 (do < \d x Q(^y)\ Ll (didy) sup|/| i2(d5) . 
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Denote X 2 = {/(£,y, A) :KxMxC-> M„(C)| sup y A y, A)| Mde) < 00} . So 

/c A :ini 2 -^xnx 2 , \\jc x \\ < \dlQ^, y )\ LlWdy) . 

By the assumption Q £ P^o, we have f^ x e lX ^y'^d^Q(£_,y')dy' £ X n X 2 . 
Therefore the solution W of (|2.5j) is in X n X 2 . Moreover, one can derive 

£W = j V e lX ^ v ~ v ' ] ($0^ * Wdy' + J V e^-^Ql * (gw) dy' 



oc 

y 



from (|2^4|) . As a result, we have £W £ X n X 2 , if Q 6 Poo, 2,0 H Pi. The same 
argument can prove £ 2 W, £ 3 PF e X n X 2 , if Q £ Poo, 2,0 n Pi. Hence (1) is justified. 

To prove (2), by the definition of X and result of (1), the function W(£, y, A) can 
be approximated uniformly by g where 

\W - g\L 2 (d£)nL 1 (d£) < e i 
and g is a linear combination of step functions in £ with uniformly bounded coeffi- 
cients in y, A. Hence 



e 

00 



g(£,,y, X)d£^J X\x\>N ~ * uniformly in L 2 (<ir) as N 



Where X\x\>n is the characteristic function of the set {\x\ > iV}. The above two 
inequalities imply that (^f(x, y, A) — 1)x\ x \>n ~ > uniformly in L%{dx) as N — > 00. 
We can prove the case of (9 x \P(:r, y, A))xi x i>jv by the similar method. Combining 
with Theorem 13.11 and the Lebesque Convergence Theorem, one can prove (2). □ 

Lemma 4.4. Letx+\y = z, d z = \{d x +id y ), and f± z (x, X) = liraijj^o* f(x,y,X). 
If f{x, y, A) is the solution of the Riemann-Hilbert problem [x £ R, F(x, A)) and 

F(-,A)-1, d x F(;X), /±,,(-,A)-l, d x f±, z (-,\)^0 

in L 2 (dx) as | A| — > 00, 

then 

f(x,y,-) tends to 1 uniformly as |A| — > 00. 

Proof. For y = 0, the lemma follows from the Sobolev's Theorem, Lemma I4TT1 and 
the assumption on f±. z , F. 

For simplicity, we omit the words "' for |A| >> 1"' in the following proof. 

Decompose /(x,y,A) into 

f(x,y,X) 



27r * J|i-x|<i J\t-x\>\ t-z 

l + I{x,y,X) + II(x,y,X) 

Note /-(i* 1 — 1)(-,A) is uniformly Holder continuous by the assumption on F, f± 
and the imbedding theorem of Morrey [13] ■ Hence one has I(x, y, A) — » I±, z (x, A) 
uniformly as y — > |12| . The uniform convergence of II(x,y, A) — > II± iZ (x, A) as 
y — > can be justified by the Holder inequality. Moreover, one can check that 
this convergence is independent of x. As a result, f(x, y, A) — ► f±, z (x, A) uniformly 
as y — > 0*. 
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Since the lemma holds on the x-axis. The uniform convergence provided above 
implies that: for any e > 0, one can find N ei , 5 e such that \f(x,y, A) — 1| < e for 
V|A| > N €l , V|y| < S e . Besides, by the Holder inequality, we can find N e2 such that 
\f(x,y,X) — 1| < e for V|A| > N e2 , \y\ > 6 e . Hence for any e > 0, we obtain 

\f(x,y,X)-l\<e, V|A| >max{JV ei ,JV 62 }. 

□ 

We can start to prove Theorem 11.11 

Proof. We will prove Theorem 1 1.1 1 by induction on the norm of \d x Q(^, y)\h\(d£,dy)- 
Step 1: (The case of n = Q) 

If \d x Q{ti, y)\L 1 (d£d y ) < (|)°) the existence and (|1.6[) are proved by Theorem 1 2. II 
The conditions (|1.7p , (| 1 . 8[) and (|1.9|) are shown by Theorem 13.11 and Lemma 14.31 
The holomorphic property comes from (|2.7p . 

Step 2: (Transforming to a Riemann-Hilbert problem) 

Suppose Theorem 11.11 holds for \d x Q(£, y)\Li(d£dy) < (§)"■ Note the eigenfunc- 
tion corresponding to a y-translate of Q is the y-translate of the eigcnfunction. 
Thus after translation we may have 



// 

J R J-< 



'R JO 

for a potential d x Q(x,y) with \d x Q(£,y)\ L i(dtdy) < Let X ± = X ± (y) < 1 

be smooth real-valued functions such that 



1, for y < 0, 
0, for y > 1, 



X = { „' ^ dxQ =d x Q{x,y) X (y), \d x Q \ Ll {dZd y ) < (§)", 



x+ = ) 1 > f ory>Q dx Q+ =d x Q(x,y) X + (yh \d x Q + \ Ll ( dm < (§)"• 
10, tor y < — 1, 

So Q ± £ PooAO and \d x Q ± (£_ , y)\ L i ^ dy ) < (§)". By the induction hypothesis 
there exist bounded sets such that Z ± n (C\R) are discrete in C\K and for 
all A G C\Z ± , have eigenfunctions \E' ± which fulfill the statements of Theorem 
11.11 Here we remark that the meaning of the notation is different from that 
of The former is a function defined in the half plane y > 0, the latter means 
lim Aj ^ + ^(x, y, A). 

Hence any eigenfunction W for Q, whenever it exists, must be of the form 



(4.1) *(x,y,A) 



9-(x,y,X)a-(x + Xy,X), y < 0, 
«f+(x,y,X)a+(x + Xy,X), y>0. 



Where for y G IR ± , 

a ± (x + Ay, A) is meromorphic in X G C\R with discrete poles, 
(4.2) < a ± (x,y, A) satisGes COf, (TJf) , 
a^ z (x,0,X) satisfies (Df . iTO)) . 

Conversely, if we can find such that a ± satisfies (|4.2[) for y G M ± and 
a + (a^)^ 1 (x 1 0, A) = (x, 0, A) (The invertibility of a ± , is implied by 

Lemma |2~T]) . Then we can define ^(x, y, A) by (14. ip and prove Theorem 1 1.1 1 in case 
of \d x Q(£, y)\h 1 (d^d y ) < (|) n+1 - Therefore, we conclude this step by 
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Lemma 4.5. (Transforming into a Ricmann-Hilbert problem) To prove Theorem 
\l.ll it is equivalent to solving: Find a bounded set Z , f(x,y, X), and f(x,y, A) such 
that Z ± C Z and 

• Z R (C\R) is discrete in C\R. 

• For A G C + \ (M U Z), f is the unique solution of the Riemann-Hilbert prob- 
lem (x S R, F(x, A)). 

• For A G C _ \ (lUZ), / is the unique solution of the Riemann-Hilbert prob- 
lem (x G R^-^A)). 

• /, / are meromorphic in X £ C\R with poles at the points of Z n (C\R). 

• /±,„ /±,* satisfy 03). 



(4.3) x + Ay = i + iy = z, x, y G R 
and 

(4.4) F(x,X) = ^-(s.O.AJ-^+fx.O.A). 



Proof. Note that if /, / exist for Lemma 14751 then by Lemma |4~4I f. / satisfy (|1.6p . 
(|1.7p as well. Therefore, the lemma can be proved by the change of variables (|4.3p 
(or ([278]) ) and setting 

a - (as + Ay, A) = A~ (x, y, A), 
a + (x + Ay, A) = A+(i,y, A), 

with x, y G R. 

f(x,y,X) 
f(x,y,X) 

in the above discussion. □ 



f(A+)- 1 (i,y,A), for y > 0, AG C+, 

[(A-)- 1 ^,^^), for y < 0, A G C + . 

((A-y^x^X), fory>0, AGC-, 

\(A+)- 1 (i,y,A), fory<0, AGC-. 



Step 3: (Factorization: a diagonal problem, a Riemann-Hilbert problem with 
small data and a rational function) 

For any square matrix A we let d^{A) denote the upper (k x k) principal minors. 
Also let ftik, i < k be the minor of A formed of the first i rows, the first i — 1 columns, 
and the kth column, and jki be the minor of A formed of the first i columns, the 
first i — 1 rows, and the fcth row. The following factorization theorem can be found 
in [TIT]. 

Lemma 4.6. Suppose the principal minors d£(A) ^ 0, for 1 < k < n. Then the 
matrix A can be represented as 



A = CSB, 
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whe 



C = 



( 1 

721 

711 



7nl 

711 



7n2 
722 



B 



1 7 



/ 1 



V o 



§12 
ftll 

I ... P2n 



§1^ \ 

ft 



i 7 



s 



4M) 



V 



o 



4w 



From now on, we only deal with the case of A G 
case can be proved in an analogous argument. 



for simplicity. The other 



Lemma 4.7. For A G C+\ [Z + U Z ], we have a factorization 

F(x,X) = (l + .g/r^l + Su), 



where 

(4.5) 
(4.6) 
(4.7) 



d is diagonal and g u (gi ) is strictly upper (lower) triangular. 

9u, 9i are X-meromorphic in C + with poles at \ L Z + U Z _ ] . 
d x (5 — 1), d x g u , d x gi, i = 0, 1, 2 are uniformly bounded in L,2(dx) for 
A G C+\ Ux 3 - E [z+uz-] F> t {\,j). For any Zj £ C\M, /mntf e fc /or Vfc ^ j 
and letting tj — > 0, t/iese L 2 (dx) -norms increase as Cj£j i with 
uniform constants Cj, hj > 0. 

(4.8) (5 - 1. <9 X <5, <9 X # M , d x gi ->• m L 2 (<faO as A -> oo. 

Proof. By the same technique of the proof of Lemma liOl one proves det = 1 for 
A R. So detF = 1. As a result, if d+ (F) (x ,X ) = for some 1 < i < n, then F 
must have a pole at (xo, Ao). By det V E' ± = 1 and (|4.4[) , we obtain Ao G [Z + U Z - ]. 

Therefore for A G C + \ [Z + U Z~], we obtain a factorization by Lemma l4~6l The 
properties (|4.5|) - (|4.8|) are implied by 

(4.9) F(x, A) is meromorphic in X £ C + with poles at [Z + U Z~~\ at most; 

(4.10) F(x, A) safc;./?es (O)) . fOI) 

which come from the induction hypothesis. □ 

Lemma 4.8. (A diagonal Riemann-Hilbert problem) For X £ C+\ [Z + U Z~\, the 
Riemann- Hilbert problem (x £ R, S(x, A)) /las a solution A(z, A). Moreover, 

• A is X-meromorphic in C + twf/i poZes at [Z + U Z~] n C + ; 

• A ±iZ safois^es fO|) . IFfy . 

Proof. For A G C + \[Z + U Z~], the matix 5 is a diagonal matrix with nonva- 
nishing entries. So the winding number of d(x, X) is well-defined by N(X) = 
~ 2wi / j[i &r Ed(t, X)dt. By (|4.6p and (|4.7|) . A^(A) is a continuous integer-valued 
function for x G C+\ [Z+ U Z - ]. Thus AT(A) = by 
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Combining with (|4.7|) . and (14. 8|) . Lemma [4.21 implies the existence of A which 
satisfies the Riemann-Hilbert problem (x £ K, S(x, A)), (|1.8|) . and (II. 9|) . 
The meromorphic property of ^(x,?/, ■) is proved by (14. 6p . and 

□ 

Lemma 4.9. For A £ C+\ Ux. e [_z+uz-] D e (Xj), there exists 

R _ \R e ,u(x,y, A), fory>0, 
\Re,l(x,y,X), fory<0, 

such that 

(4.11) |A_,,(1 + (i? e )_, z )F(l + (i? e )+, z )- 1 A- 1 z (i, A) - l| ff2(Rid5) « 1 . 

(4.12) |A_,,(1 + (R e )-, Z )F(1 + (i? e ) + ,,)- 1 A^(i, A) - l\ Loo \\C ± \\ < 1. 

(4.13) (R e ) u ((Re)l) is strictly upper (lower) triangular. 

(4.14) R c can be meromorphically extended in X £ C+ with poles at Z + U Z~ . 

(4.15) R e £ H 2 (R, dx) and is rational in z £ C^, with finite simple poles 

( independent of X) and each corresponding residue is an off diagonal 
matrix with only one nonzero entry. Moreover, the non-zero entry 
tends to as \X\ — * oo. 

Proof. By the condition (|4.8p . there exists S e such that \g u X\\\>s e \H 2 (dx) < £■ More- 
over, by (|4.7[) . for each A G C+\ Ua 3 g[z+uz-] D e (Xj), \X \ < 8 e , there exists 
N = N(e, A ) such that 

\9u ~ Pe,u\H 2 (dx) < e f° r A in a small neighborhood of Xq. 

Where 

JV 2 

Pe,u(z,X)= ^ 9u(jf,X)Pe(z- Jj), 
j=-N 2 

PAt) = is the Poisson kernel HI (Appendix A. 2). 

t — ie t + ie 

One can check that p £jtl £ H 2 (M.,dx) satisfies (|4.13[) . (|4.14[) . Hence choosing a 
bigger N or 5 e , there exists a z-rational function, denoted as p e ,u> 

\9u -Pe,u\H 2 (dx) < e forVX £ C+\ U Xj e[z+uz-] D e {Xj), 

andp £itl satisfies ([4TT5]) . (|4~14]) . 

Consequently, using (I4.9[) , (|4. 1 0[) , Lemma 14.71 14.81 and the off-diagonal form of 
g Ul one can find a z-rational function R u {z, A) which is an approximation of g u on 
z£l and satisfies (|4~TT|> - (|4~T5|) . 

The case of gi can be done in analogy. □ 

With Lemma 14.91 one can find a solution to the small-data Riemann-Hilbert 
problem (x £ K,A_ )JS (1 + (R e )- Z )F(1 + (i? e )+^) _1 A^). However, it is difficult 
to analyze the meromorphic property of the solution in a neighborhood of points in 
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[Z + UZ ]. Hence we need to improve Lemma l4~9l First of all, let us denote C 
{A £ C+ | A/ > e}, and [Z+ U Z~]+ = {Ae [Z+ U Z~] A/ > e} for simplicity. 

Lemma 4.10. For A £ C+ there exist 



R f = 



Re,u(x,y, A), fory>0, 
R Ct l(x,y,X), fory<0 



such that 



(4.16) |A_,,(1 + (i? e )_, 2 )F(l + (Rj+^A^ - l\ H 2 {%di) « 1 . 

(4.17) |A_, 2 (l + (i? e )_ iZ )F(l + ( J R e ) +!Z )' 1 A;i z -l| ioo ||C ± || < 1. 

(4.18) (Re) u ({Re)i) is strictly upper (lower) triangular. 

(4.19) R £ is meromorphic in A £ wii/i pofes at [Z + U Z~~\ . 

(4.20) R e £ -ff 2 (K, dx) and is rational in z £ C^, wii/i finite simple poles 

( independent of X) and each corresponding residue is an off diagonal 
matrix with only one nonzero entry. Moreover, the non-zero entry 
tends to as | A| — > oo. 

Proof. One can multiply g u (g; respectively) by product 



v e , u = n 

A 3 6[Z+u2-] + 



A-V" 
A + i 



so that Ge,u — "P e , u g u is holomorphic in A £ C+. Then using (|4.7p and the same 
argument as the proof of Lemma 14.91 one can approximate Q C;U by a piecewise 



.z-rational function R' e u . Let R e , u = V t ^R't,u- 



(A — A \ ^ J 
A+i J 1 to make 

U e S, W e A holomorphic in A £ C+. Hence the lemma can be proved by an adaptation 
of the proof of Lemma [4~9l (Note the factors U tl V e . u , V tt i are cancelled out.) □ 



Lemma 4.11. (A Riemann-Hilbert problem with small data) The Riemann- 
Hilbert problem (x £ R,A_ 2 (1 + (R 6tU )- tZ )F(l + {R e ^ u ) +:Z y 1 A^ z ) admits a so- 
lution f e , s (z, A) for A £ C+\ [Z+ U Z~]+ . Moreover, 

f €:S is meromorphic in A £ with poles at [Z + U Z~] . 
C/U)±,, satisfies 473'. (LW- 



Proof. By the assumption (|4.16|) . (|4.17[) . one can apply Lemma l4~T1 to find f €iS which 
satisfies (ll.8[) and the Riemann-Hilbert problem (x £ M., A_ iZ (l + (R etU )^ iZ )F(l + 
(R e>u ) + , z )- l A^ z ) 

Moreover, f e<s satisfies (fi~9| by Lemma l44l (f4~T0]> . Lemma PI and l[3~20|) . 
Finally, f CiS is is meromorphic in A £ C+ with poles at [Z + U Z~]~^ by (I4.9I1 . 
Lemma|tl and (|4TT9"|) . □ 



We conclude this step by a characterization of Lemma 14.51 

Lemma 4.12. (Factorization of the Riemann-Hilbert problem) Suppose f(z,X) 
fulfills the statement in Lemma \4^[ Then there exist a unique function r e (z, A) and 
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a set Z e , such that 

(4.21) r e (z, A) = 1 + J2i z ~ *k) -1 <V( A ) , 

k=l 

for some integer N e , Z e C Z, and for A G C^\Z, 

(4.22) Ck,e is meromorphic in A G with poles at Z e , 

(4.23) c fe>e (A) -> as |A| oo, 

(4.24) / = r £ / e , s A(l + £ £ ). 

Conversely, suppose there are uniformly bounded sets Z t , and functions {r £ } 
which are X-meromorphic in with poles at Z e , satisfy {^.21\j - {4.23\j , and 

(4.25) r e / £iS A(l + R e ) is holomorphic in z G 

for A G C+\ (Z e U [Z+ U Z~]f\ . Define f e = rJ e , s A(l + R e ) for A G C+. T/ien 
we have 

(4.26) f e is meromorphic in A G with poles at Z e U [Z + U Z~]~^ , 

(4.27) / £1 = / £2 /or A G C+ if d > e 2 . 

Hence f = f e is well-defined, and f satisfies the statements in Lemma \4-5\ with 
Z = U 6 Z(fe) U {Xj G M| limsup e ^ \f e (D 2e (Xj) H C+)| = oo}. ffere Z(/ £ ) denotes 
i/ie pofes of f e . 

Proof. First of all, by Lemmal2~Pj det f e<s (z, A) = det (l + .R e (z, A)) = det A(z, X) = 
1. So they are invertible at regular A. Besides, f(z,X) and f t:S {z, A)A(z, A)(l + 
i? c (z, A)) are z-meromorphic, possess the same jump singularity across z G R, and 
tend to 1 at infinity. Therefore 

-l 



/ 



f etS (z,X)A(z,X)(l + R e {z,X)) 



is z-rational and (|4.21[) - (|4.23|) are satisfied by Lemma I4~8ll4 .111 and the assumption 
on /. 

For the converse part, (|4.26|) comes immediately from the definition of / e and 
the meromorphic properties of r £ , A, R e , f e ^ s implied by assumption and Lemma 

mm 

Besides, by assumption, / £l , f e2 satisfy the same Riemann-Hilbert problem in 
Lemma \A. 5 1 for A G C+\Z £l . Thus (|4.27[) follows from the Liouvillc's theorem and 
the meromorphic properties. As a result, the well-defined property follows from 
dUi and KTH . 

The conditions (fTTBj) . (O can be proved by Lemma |4^ETT1 and fl~2l"j) - g^Sl), 
f = fe (i.e., 621), and Z = UZ £ U {X, G R| limsup 6 _ \f e {D 2t {\j) n C+)| = 
oo}. □ 

Sfep ^: (Solving the Riemann-Hilbert problem) 



We complete the proof of Thcorcm ll. II by finding a rational function r £ in Lemma 

mm 

Lemma 4.13. (Existence of the rational function r e ) There exist a function r e 
and a uniformly bounded set Z t such that r e is X-meromorphic in <C+ with poles at 

the points ofZ e and satisfies (I2l\ )- (123\ ), (125\ ) for X G C+\ [z e _ U [Z+ U Z~]f} . 
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Proof. For simplicity, we drop e in the notation r e , / e , s , R e , • ■ ■ in the following 
proof. 

(a) A linear system for r(z, A): 

Let {zk = £k + iyk}, k = 1, ■ • • ,N be the simple poles of i? in by (|4. 15[) . 
Denote 

(4.28) 1 + R(z, A) = - + % + 0(\z - Zj\), 

(4.29) /,A(z, A) = a, + f3,(z - Zj ) + 0(\z - z 3 \ 2 ). 

at Zj. Thus 

/ S A(1 + R){z, A) = (z - z^ajdj + (fydj + otjUj) + 0(\z - Zj\). 
Now let 

N 

(4.30) r(z,A) = l + ^z-zk)- 1 ^. 

fe=l 

Hence at zj, 

r(z, A) = (z — Zj) _1 Cj + bj + 0(\z — zj\), 

where 

(4.31) &j = l + £jt*ite-**)" lc *- 

We then try to find a,-, such that r(z, X)f s (z, A)A(z, A)(l + i?(z, A)) is holomorphic 
at zj. This yields the linear system for Cj\ 

(4.32) CjOtjdj =0, 1 < j < AT, 

(4.33) + c j(/3jdj + otjiij) = 0, 1 < j < N. 

(b) Solving the linear system [4-33\ ): 

The properties (|4.13|) . (|4.15l) imply that rij are invertible and (djnj 1 ) 2 = 0. 
Therefore, it can be justified that (|4.32[) are consequences of (|4.33|) . 

Inserting (|4.31[) into (|4.33[) . we obtain a system of Nn 2 linear equations in Nn 2 
unknowns (the entries of Cfc) with coefficients in entries of dj(X), %(A), ctj(\), 
(3j(\). Observing that as |A| — » oo, 

dj — >■ 0, n 3 ■ — > 1, ay — * 1, /3j — » 

by Lemma I4.8ll4.lll Therefore, (|4.33[) are solvable as |A| — > oo. Precisely, Ck 
can be written in rational forms of dj, rij, ctj, f3j which are all holomorphic in 
A G C+\ [Z+ U Z~\. Therefore, ([Qgjl are solvable for A G C+\Z e where Z e are 
uniformly bounded sets. Consequently, (|4~2Tjl . ([4~22]) . (|4~23]) . and (|4~25| are fulfilled. 

□ 

By the same argument as the proof of Theorem we have 

Corollary 4.1. Suppose that Q G Poo,fc.o> k > 2 and ^(x,y,X) is the associated 
eigenfunction. Then 

* - 1 are uniformly bounded in DH fc for A G C\ (E U\ jeZ D c {Xj)) . 

In particular, if Xq is a removable singularty of^(x,y,X), then 

\P — 1 are uniformly bounded in DH fe in a neighborhood of Xq . 
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By a similar argument as that in Lemma 12.11 and 12.21 and using the uniqueness 
property in Theorem we can derive the same algebraic characterization of the 
eigenfunctions: 

Lemma 4.14. Suppose that Q € Poo,fc,0; k > 2. Then the eigenfunction ^ satisfies 

(4.34) det#0,j/,A) = 1, 

(4.35) *(x,y,\Wx,y,\)*=I. 

for X e C\R. 



5. Direct problem IV: Asymptotic analysis with non-small data 

We define the continuous scattering data and study its algebraic and analytic 
characteristics in this section. We first show that the existence of continuous scat- 
tering data for Q £ Pi is automatic. 



Lemma 5.1. If Q 6 Pi, then the eigenfunction ty(x,y,-) obtained by Theorem \2.1 
has limits ± on K. 



Proof. Suppose {A fc } C C + . Write Wu instead of W(£,y, A&) and 
fk = 



jv^ e ^(y~v')d x Q{^ y')dy', when £ > 
- C e^y-y'^^, y')dy', when £ < 0. 



Then (J2T4J) and ([23]) imply 
W k - W h 

= (1 - K^y 1 (K Xk - K Xh )W h + (1 - K^y 1 (f k - f h ) 

(5.1) = h + I 2 . 

Now observing 

h= (l-K Xk )- 1 (K Xk -K Xh )W h 

N oo 

- E K l - K *» ) ^ + K l +1 E K k - K ^ ) ^ 

i=0 i=0 

(5.2) = I[+I>>. 

Note ([21]) and sup y IM^Il^^) < (1 - \d x Q(£, y)\ Ll (d^d v )y 1 imply 

OO 

sup | K\ k (K Xk - K Xh )W h \ Ll(d0 < C 

y l= o 

and 

oo 

(5.3) |/i'| LlW) =sup|^ +1 ^^ fc (^ Afc -X A J^| LlW) ^0, bs N > oo 

» i=0 
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On the other hand, 

\(K Xk -K Xh )W h \ Ll{d0 
< f V |(e iA »^-^-e a *«*-^|©| LlW) |W fc | LlW) dy' 

J — OO 

/■ OO 

+ / |( e iA*e(«-y') _ e ^««-«')| ICQIl.k)!^!^^)^' 
Jy 

— > 0, as fe, /i — > oo. 
by the Lebesque Convergence Theorem and Q € Pi. So 

AT 

(5.4) \l[\L 1 (dO = \^K i Xk (K Xk -K Xh )W h \ Ll(dO ^0, ask,h^oo. 

»=o 

Hence |z/i(d€) — > as fc, /i ^ oo by (|5.2p - (|5.4p . A similar argument will induce 
I^Ui(dO = I (! - ^aJ -1 (/fe - //») \L 1 (dO -> as well. Therefore, we have - 
Wfe|£i(<i£) — > as fc, /i — > oo by (|5.ip . Taking the Fourier transform, we prove the 
lemma when A G C + . 

The case of A € C~ can be proved by analogy. □ 

Lemma 5.2. Suppose that Q £ Pi and 

(5.5) ^QWidZdy) < oo- 

TTien X P+ and \?_ ore continuously differentiable with respect to x and y. 

Proof. If Afe — » A± and Ji, J2 are closed intervals on K, 

• d x ^{x,y,Xk), and d y ^{x,y,Xu) are Cauchy for each G I\ X ^2; 

• 9 x ^(a;, y, Afe), and ^^(sr, y, Afe) are uniformly bounded on I\ x I2, 

then \&± is differentiable and d x ^>± = (9 X ^)_|_, and d y ^>± = {d y ^) ± by the 
Lebesque Convergence theorem. Therefore, the continuous differentiability will be 
implied by proving the uniform Cauchy property of d x ^(x, y, Afe), and d y ^f(x, y, Afe) 
with respect to x, y in compact subsets. 

Lemma 15. II and (|2.ip imply that the uniform convergence of d y ^f(x, y, Afe) comes 
from that of d x ^(x, y, Afe). So it is sufficient to show 

y, Afe) - £W{S, y, X h )\ Ll{d$) -> 0. 

By replacing d x Q(£, y') with £d x Q(£, y') in the representation of /fe in (|5.ip . it can 
be shown by adopting a similar argument as that in the proof of Lemma 15.11 □ 

Lemma 5.3. For Q € Pi and Q satisfies if 5. 5\) , the eigenfunction ^>(x,y,-) is 
holomorphic in C and has limits ^>± on R. Moreover, there exists a continuously 
differentiable function v(x + Xy, A) such that 

$ + (x,y,X) = V-(x,y,\)v(x + \y,X), C x v = 0, A e R, 

where L x = d y — Xd x . 
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Proof. The holomorphicy has been proved in Thcorcm ll.il By assumption, Lemma 
I5.1l and l2.1[ ^± is invertible. Hence Lemma IS~2l implies 

(d v -A9 X ) 

{(d y -Xd x )^Z 1 }^ + + ^Z 1 (dy-Xd x )^+ 

-*: 1 (&g)*+ + *: 1 (&Q)*+ 
o 

□ 

We denote Z = Z(^) = <j> if there are no poles of ^{x, y, A). 

Lemma 5.4. For Q G Poo,fc,o? k > 2, if Z = <f>, then there exists a continuously 
differentiable function v(x + Ay, A) such that 

y + (x,y,X) = y-(x,y,\)v(x + \y,X), C x v = 0, X e R. 

Proof. Since Z = <j), the eigenfunction ^(x, y, •) has limits by Corollary 14.11 and 
the Sobolev's theorem. Moreover, we have the uniform convergence of d x ^(x, y, Afc), 
Xk — ► Ao • Hence the lemma can be proved by using the same argument as the proof 
of Lemma 15.31 □ 



Since we are going to solve the inverse problem by the Riemann-Hilbert problem 
(A e R,v). By the scheme of Section [H we need to investigate L2QR, dX) condition 
on v and d\v. Hence the A-asymptote of v and d\v will be investigated in the 
remaining part of this section. 

We extend Theorem 13. 1[ and Corollary [371] by: 

Lemma 5.5. If Q € Poo,fc,o> k > 5 and Z = <j), then for i + j < k — 4, 

«(* ± -(l-^))l<^ 
as \X\ — > 00. Where C is a constant depending on Q. 

Proof. We follow the scheme in Section [3] to prove this lemma. Note that all of 



the arguments there can be repeated except the proof of Lemma 13.21 Where the 
small data condition has been used to assure the uniform boundedness of d^^, 
< N < k — 1. Hence to prove this lemma, one needs only to show 

(5.6) The uniform boundedness of d x < N < k — 1 as |A| — * 00. 

However, since Q G Poo,fc,o, k > 5, SSf± exists, the property (|5.6|) can be justified by 
Corollary 14. II and the Sobolev's theorem. □ 

We improve the boundary properties (|1.6[) , (|1.7[) of Theorem 11.11 by: 

Lemma 5.6. If Q £ Poo,fc,o, k > 5, and Z — <fi, then for i+j < k — 4, 

d l x d 3 y (\&± — 1) — ► uniformly in Loo as |x| o?~ |y| 00. 

Proof. By the results of Lemma [5~5l it is sufficient to prove this lemma for A| < c 
where c is any fixed constant. However, for A| < c, i + j < k — 4, 

9*9^ ("^(x, 0, A) — 1) — » uniformly in as \x\ — ► 00 

follow from ()2. 1|) . Corollary 14.1) and the Sobolev's theorem. For y ^ 0, one can 
follow the argument of Lemma [4.41 to show the uniform convergence of d x d y i& — ► 
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d l x d J y ^±^ z . Then the lemma is proved by the uniform convergence and applying 
Holder inequality to 



1 f°° * + (t,0,A)-*_(t,0,A) 



t-(x + Ay) 



dt. 



Lemma 5.7. For Q E Poo.k.i H Pi, fc > 7, we have 

|a A *±|, |5 A a x *±| < ^, as |A| — oo. 

and C depends continuously on x, y. 
Proof. By formula (|2.7[) . we have 

(5.7) 

Write 



Z7T 



^,j/,A) = -^,y,A). 
Note W G X with X defined by Definition [3] Therefore Theorem 13.11 implies 



(5.8) 

Now we define 



A is uniformly bounded in X. 



(5.9) 



^IT^ = I-oo ^ {V ~ V,) ^Q^ V'W, if A G C+, t > 0; 
m^l = _ J- ^(v-vO^Qfo 2/ )a y ; if A g C+, £ < 0; 

^ = - JT e^-^'^^QK, y'Jdy', if A e C~, £ > 0; 



= J-oo^^'^^y')^', if A G C", £ < 
By ([23]) . (EU), (EHJ), ([ST9"]1 . and Theorem O we obtain 

(5.10) B\, B2, B3, B4 are uniformly bounded in X. 
Differentiating both sides of (|2.5j) . we obtain 

(5.11) (l-ICx)dxW 
= iy 



J.xtiv-v')^ Uq * ^ dy ' + / e iX ^-v'HdxQdy' 

J —OO 

K(v-y') y ^ (q^q * fiA d|/ / + f e iX ^-^y^d^Qdy' 

J — OO 

y,) (d%Q * T?) dy' + f V e lX ^ y ^ y ">d^Qdy' 



- y ">y' {dlQ*W)dy' + / e lX ^- y '\'&^Qdy' 

J —OO 

+ iy T e iX ^ y - y,) {d^Q*0)dy' -i e iX ^ y - y '^y' (§~Q * £W) dy' 



— OO 

V 



□ 
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for A G C + , £ > (Other cases can be done similarly). Define 

Using the definition of Poo.fc.i, and following the way to prove (|5.10p , then one can 
show that 

(5.12) C\, Ci, C3 are uniformly bounded in X 

if Q e Poc.m and k > 6. Combining (JEZ]), dEHJ), (j5lT|) . (|5TT2l) . and jM]), we P rov e 
I^A^il < iyr as |A| — > 00 and C depends continuously on x, y. 

Since 9 x \&(a;, y, A) = j- e^ x £W(£, , y, A)d£. Modifying the above argument 
and letting k > 7 in Poo,fc,i, one can obtain the estimate for \d\d x ^±\ as well. □ 

Lemma 5.8. If Q € Poo,fc,i ; k >7, and Z = <fi, then 

C 

\d\^±\ < pj, as |A| -> 00, 
and C depends continuously on x, y. 

Proof. Since the property we wish to justify is a local property. Without loss of 
generality, we need only to show 

C 

(5.13) \x(x,y)d x ^±\ < ^7, as |A| 00. 

Where C depends continuously on x, y, and x( x , li) 1S any fixed smooth function 
with compact support. Now by the induction scheme as the proof of Theorem 1 1.1[ 
we have 



(5.14) *(x,y,X) = 

and 



* {x,y,X)a (x,y,X), y < 0, 
®+{x,y,X)a + (x,y,X), y>0, 



<9 A * = (9 A * ± ) a ± + * ± 9 A a ± . 
By induction and applying Lemma 15.61 and [5771 it reduces to showing 

C 

\x(x,y)d\a\ < — as |A| -> 00. 

Where 

/ x x \ar{x,y,X), y<0, 
[a + {x,y, A), y > 0, 

By (|5. 14j) . one can derive the inhomogeneous Ricmann-Hilbert problem 

( X dxa) + Z (x, 0, A) = g(x, A) + ( X d x a)_ z (x, 0, A), 

with 

9 = [d x ((*+)- 1 *-)] X a-, z . 
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Hence p] 

(5.15) X dxa(x,y,\) = *(ar,y,A)' 
with x + Xy = z, and 

A) = | 

Therefore by Lemma 15.71 and (|5.15| , 

(5.16) \x9\a\ L2 (M.,dx) < 



1 

2ni 



(*+)(t,Q,A)fl(t,A) 



< 



< 



< 



c|<r 
c_ 

|A| 



*-(x,I/,A), y<0, 
A), y > 0. 



(*+)(t,0,A) 5 (t,A) 



£ - z 

X (£,0) (*+)(£,0,%(£,A) 



x(t,o) 



dt\ 



t 



L 2 (R,dx) 



dt\ 



as |A| — > oo. Furthermore, differentiating both sides of (|5.15[) and using Corollary 
14.11 Lemma T5. 71 we obtain 



(5.17) 



< 



< 



\d x (xd\a) \l 2 
1 



Idx*- 1 

+|*~ 1 ||a 

G_ 
|A| 



(*+)(£,0,A) 5 (£,A) 



2ni 
1 
2?ri 



d£ 



£ - z 

QP+)(t,0,A)g(f,A) 

£ - z 



\L 2 (R,dx) 



dt 



:,dx) 



Hence the lemma follows from (I5.16|) . (|5.17J) , and Sobolev's theorem. 



□ 



We conclude this section by the proof of Theorem 11.21 and the definition of 
continuous scattering transformation. 



Proof. The condition (11.12[) follows from Lemma 15.41 The identity (|1.10|) comes 
from (|4.34|) and Lemma l5~4l Besides, (14.35(1 and Lemma 13741 imply that for A e K 

v(x + Ay, A) = *_(a; + Xy, A)" 1 *+(a; + Xy, A) = *+(x + Ay, X)*V+(x + Ay, A). 

Therefore (fT7TT|) follows. 

Next note that Lemma l5~5l implies that 

(5.18) d l x d y (* ± - 1) are uniformly bounded in L M n L 2 (M, dX) n Li(R, dX). 

So (|1.13p follows. Combining Lemma [5.61 (|5.18[) . one obtains d x d y (v — 1) — » 
uniformly in L^. So condition (|1.14p follows from (|1.13[) . and the Lebesque con- 
vergence theorem. Finally, condition (|1 . 1 5f> is derived by applying Lemma 15.81 □ 

Definition 7. For Q G Poo,fe,i, k > 1, if the eigenfunction ty(x,y, ■) has limits ^± 
on R, then we define the continuous scattering data of Q to be v G & c ,k obtained 
by Theorem \1.2[ Moreover, the continuous scattering transformation S c on Q is 
defined by S C (Q) = v. 
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6. Inverse problem: Continuous scattering data 

We first prove Theorem 11.31 by solving the Riemann-Hilbert problem via a 
modified scheme of Section 2] 

Proof. First of all, ()1 . 13[) . (|1.14|) and Lemma |4~T1 imply that there exists a constant 
M > Q such that, as |x| or \y\ > M — 1, the Riemann-Hilbert problem (A G 
E, v(x, y, A)) can be solved and 

(6-1) \didl (* ± - 1) \ L2[dX) < C\v - l\ La(dX) 

for a constant C. Hence (jl.161) holds as \x\ or \y\ > M — 1. Applying Holder 
inequality, (|1.13[) . (|1.14p , and (|6.1[) , we then derive: 

For each fixed A £ R, V|rc| or \y\ > M - 1, 

didi^-^&L^dxdy), 

d x d° y (\& — 1) — > in L 00 (dxdy), as x or y — > oo. 

Hence, to prove Theorem II .31 it is sufficient to solve the Riemann-Hilbert prob- 
lem (A G E, y, A)) and establish pTTCj) . (fTTT7|) for max(|x|, |y|) < M. The 
scheme in Section HI in particular Lemma l4~7ll4.13[ can be adapted to the solving 
of this problem. More precisely, 

Lemma 6.1. For A, x, y G E. we have a factorization 

v(x, y, A) = (1 + hiy 1 x (1 + K) (x, y, A), 
and for i + j < k — A, 

(6.2) x JS diagonal and h u (hi) is strictly upper (lower) triangular. 

(6.3) d l x d y (x - 1), d z x d y hu, d x d 3 y h h d\x, d\h u , d x h t are in L M n L 2 (E, dX) 
and the norms depend continuously on x, y. 

(6.4) x ~ 1) hui hi — > uniformly in n ^(E, e?A) as |x| or |y| — > oo. 

Proof. We use the positivity condition to prove that df, 1 < i < n vanishes 

nowhere for A € E. Hence the statements can be proved by the same method as 
that in the proof of Lemma 14.71 □ 

Lemma 6.2. (A diagonal Riemann-Hilbert problem) For max(|x|, \y\) < M, there 
exists uniquely a solution H(x, y, A) to the Riemann-Hilbert problem (A 6 E, x) such 
that 

(6.5) 5 — 1 are uniformly bounded in H (R,dA); 

(6.6) 5 — 1, c^S, d y S are uniformly bounded in I/2(E, dA), 

and /or eac/i /i:red A ^ E, 

(6.7) 0*^5 G L^dxdy) for max(|x|, |y|) < M. 
Proof. Applying (|6.3p , and (|6.4p . one obtains that 

<9^ (x ~ 1) are uniformly bounded in (~l -/^(E, dA). i = 0, 1. 

Hence the winding number N(x,y) = — J da ^ x (x, y, C)^C is integer- valued. 
Moreover, the condition (|6.4[) implies that iV(ic, y) = 0. 
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Thus for max(|x|, \y\) < M, the existence of S, and ()6.5|) can be implied by (16. 3|) . 
the Sobolev's theorem, and Lemma l4~2l By ()6.3|) . (16. 5| . and the formula 



y, A) = exp | — ^ C „ A d( | , 



y, A) = exp { - ^ -^^<K) ^ ^ ^ _ A) ) , 



2iriJ K C-X J \2ot J e x(a;, C)(C - A) 
^ V > A) = ^ A C-A dC i U I x(x,,,C)(C-A) dC 
2ttz 7 R C-A V I 27ri 7 M X 2 (x,y,C)(C - A)' 



27ri J R C-A ) \2iri J R x(x,y,()(( - X) 



we derive (|6.6|) . Finally, we obtain ()6.7[) by Holder inequality. □ 

Lemma 6.3. For max(|a;|, \y\) < M , there exists a function H(x, y, A) satisfying 

H= (H u (x,y,X), forXe£+, 
\Hi{x,y,X), for X EC-, 

and 

• H(x, y, A) £ £oo (~l H 1 (R, dX), and d x d y H(x, y, A) <E n X 2 (M, rfA) 

• |S_(l + H_)i>(l + H + )- 1 S; 1 ( 2 ;, 2 ;,A)~l|Hi(R, ( iA) < oo. 
. |S_(l + if_) W (l + H + )- 1 S; 1 (x, 2 ;,A)-l| Loc ||C ± || <1. 

• H u (Hi) is strictly upper (lower) triangular. 

• H is rational in X £ C , UMi/i onfo/ simple poles and each correspond- 
ing residue is off diagonal, with only one nonzero entry k and d x d 3 y n £ 
L^dxdy). 

Proof. Combining (|6.5p with the results of Lemma 16.11 16.21 and the same method 
as in the proof of Lemma l4.91 the lemma can be proved. □ 

Lemma 6.4. (A Riemann-Hilbert problem with small data) For max(|a;|, \y\) < 
M, the Riemann-Hilbert problem (A £ M., S_(l + H )v{\ + admits a 

solution ip s (x,y,X). Moreover, 

ip s — 1, d x ip s , dytfs are uniformly bounded in dX), 

and for each fixed X R, 

SjSg^a-l) GL^dxdy). 

Proof. The existence of the solution and its properties can be proved by Lemma 
14.11 16.11 16.21 16.31 the property of the Cauchy operator C and Holder inequality. □ 
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Lemma 6.5. (Factorization of the Ricmann-Hilbert problem) Suppose ^(x,y,X) 
satisfies Theorem \l.S\ Then for max(| x |, \y\) < M, there exists a unique junction 
u, 

N 

(6.8) u(x, y, A) = 1 + J2( x - ^r^kix, y), 

fc=i 

and 

(6.9) d l x d 3 y a k e L^dxdy), 

(6.10) y(x,y,\)=uip s Z(l + H). 

Conversely, if for max(|x|, \y\) <M, 3u(x,y,X) satisfying h6.8\) , H6.9\) and 

(6.11) wf s S(l + H) is holomorphic for A G C , 

Define ^ — u^EE^l + H) for max(|a;|, \y\) < M . Hence ^ satisfies Theorem ] 1.31 

We then use Lemma 16.51 to prove Theorem 11.31 
(a) A linear system for u(x, y, A): 



Let 



p 



(6.12) u(x,y,X) = 1 + ^(A - A^V 

k=i 

Then at Xj 

(6.13) u(x, y, A) = (A - Xj^dj + bj + 0(\X - Xj\), 
with 

(6.14) b 3 =l + J2(Xj i-Afe)- 1 ^- 

Since A^ is a simple pole of H and ip s Z is regular at Xj. We can write 

(6.15) l + H{x,y,X) = (X-Xj^hj+rij + OdX-Xjl), 

(6.16) <p s Z(x,y,X)=aj+l3j(X-Xj)+0(\X-Xj\ 2 ). 

We then try to find a kl such that u(x, y, X)ip s (x, y, A)S(x, y, A)(l + H(x, y, X)) is 
holomorphic at Xj. This yields the linear system for a k ' 

(6.17) ajCtjhj = 0, 1 < j < p, 

(6.18) bjCtjhj + aj(/3jhj + ocjUj) = 0, 1 < j < p. 

(b) Solving the linear system fc6.17\ )- [6.18\) : 
Note by Lemma 1531 one can conclude 

(6.19) (hjfij 1 ) 2 = 0. 

Therefore, it can be justified that (|6 . 1 T[) is a consequence of (|6.18[) . Note the off- 
diagonal form of hi (h u ) in Lemma |6. II is crucial here. 

Inserting (16. 14[) into (|6.18p . we obtain a system of pn 2 linear equations in pn 2 
unknowns (the entries of with coefficients in entries of hj(x, y), nj(x,y) 7 aj(x,y), 
(3j(x,y). Therefore, we conclude the existence problem of '5 is Fredholm. 

(c) Solving the Riemann-Hilbert problem: 

Using the Fredholm alternality, we need only to show that: for any fixed x, y the 
homogeneous problem (with limit rather than 1 as A — > oo) has only the trivial 
solution. Suppose f(x, y, A) solves this homogeneous problem. Consider g(x, y, X) — 
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f(x,y,X)f(x,y,X)*. Since /(x,y, •) £ L2(M.,dX), we have g(X) £ Li(R,dX) and is 
holomorphic in C*. Thus the Cauchy's theorem implies 

0= f g+(s)ds= [ f + (s)f-(s)*ds = [ f-(s)v(s)f-(s)*ds. 
Jm Js. Jm 

Because of (jl.llj) we conclude /_ = on M, so also / + = and / = 0. 

Hence we prove the solvability of the Riemann-Hilber problem in Theorem 11.31 

□ 

Lemma 6.6. For the solution ^ of the Riemann-Hilbert problem obtained in The- 
orem\773[ we have 



(6.20) det*(x,y,A) = 1, 

(6.21) ^(x, y, t, X)^(x, y, t, A)* = 1. 

Proof. By (|1.10|) . det ^>(x, y, •) has no jump across the real line. So applying 
the Liouville's theorem, (|6.20[) follows from the the holomorphic property in 
and \& — ^ 1 as |A| — > oo. Hence *&(x, y, A) is invertible for all A £ C, limits 
(^(x, y, z, A)*)^ 1 for A e 1 exist, and (*(x, y, z, A)*) -1 fulfills the boundary con- 
dition as |A| — > oo. 

Secondly, by (|1.11|) and , J+ — ^>-V, we obtain 

(coo , (*(x,y,A)*) + = *_(x,y,A)* = (*+(x, y, AK 1 )* 

[ ] =v-^ + (x,y,X)* =v-i(*( X ,y,Xr)_. 

So 

-l 



A)*) + ) =({*(x,y,Xy 



v. 



Therefore (^(x, y, A)*) satisfies the same Riemann-Hilbert problem in Theorem 

11.31 Consequently ^(x, y, A) = (\&(x, y, A)*) 1 by the uniqueness property of The- 
orem 11.31 (the Liouville's theorem) and (16.21|) is established. □ 

We conclude this section by the proof of Theorem 11.41 and the definition of 
inverse scattering transformation. 

Proof. By (|1.18|) . the boundary condition (|2.2p is satisfied. Besides, the Cauchy 
integral formula, and Theorem 11.31 imply 

(6.23) *(x,y,A) = J + C*_(t> - 1). 

For fixed x, y £ R, applying C\ = d y — Xd x to (|6.23|) and using (|1.16p . (|1.13p . we 
obtain 

£ A * = £ A C*_(u-l) 

= C(£ f *_)(«-l) + [r A ,C]*-(i;-l) 

= 9 *(iri f *-{x,y,Q{v{x + Qy,Q-l)dt 



2m _ 
+C(£ c tf_)(« - 1). 
(6.24) = 9 x Q(x,y)+C([£^]_)(«-l) 

with Q(x,y) given by (| 1 . 1 9[) . Hence comparing (]6 . 23[) and (|6.24|) and using the 
uniqueness result of Theorem 11.31 we obtain (|2.1[) . 

Besides, (|1.13[) . (|1 . 16[) . p,19[) . and Holder inequality show that Q, d x Q, and 
d y Q £ Lqo. Furthermore, by (|2.ip . (|1.17[) . (j6.20[) . and the A-independence of Q, we 
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derive d l x d y Q £ and d x d^Q, d y Q, Q — ► as x or y — s- oo, for i + j < k — 4, 
i > 0. 

Finally, by (fOTj) and (pTTj) . we have 
(9 x Q)*(a;,y,t,Ar _1 

(d y ~ xd x )^(x,y,t,Jy^ 



= -tf(z,y,t,A)* ^-AQ e )*(a; ) |/ > t l A) J y, t, A)* 

= -*(a;, 2 ;,i,A)^ 1 ((9 :c Q)vI/( a; ,y,<,A))*v|/( a; ,y^,A)*- 1 

= -(9 x Qr*(x,y,t,A)* _1 . 

Thus d x Q{x,y) £ su{n). □ 

Deflnition 8. for a function v £ 6 C} we define the inverse scattering transforma- 
tion iS" 1 on d 6y S~ (v) = Q, where Q is obtained by Theorem M.Si and \1.4\ 

7. The Cauchy problem: Continuous scattering data 
We prove Theorem 11.51 in this section. 

Proof. We can apply Theorem 11.11 to find the eigenfunction ^(x, y, 0, A). By as- 
sumption, and Theorem 1 1.21 S c (Qo) £ & c ,k- 
Now let us define v(t) by 

(7.1) v(t) = {v{x, y, t, A) = v{x + Xy + X 2 t, A)}. 

For each tGR, rewriting x+A?/ + A 2 t = x + X(y+Xt) = x + X 2 (t+jy) and modifying 
the approach in proving lemmas in Section [3][5j one can justify that v(t) £ & c ,k 
(see Definition [2]) . So w satisfies the algebraic constraints: 

• det (y) = 1, 

• v = v* > 0, 

and the analytic constraints: for i+j + h<k — A, 

• £ A « = 0, M x v = 0; 

• 9*8^ (v - 1) are uniformly bounded in L m n L 2 (R, dA) n Li(R, dA); 

• d x dffi (v- 1) -> uniformly in I M n L 2 (M,dA) n Li(K,dA) as |at| or |y| 
or t — > oo; 

• d\v £ ^2(R, dA) and the norms depend continuously on x, y. 

Where C\ = d y — Xd x , and M.\ = dt — Xd y . 

Now we apply Theorem 1 1 .31 and 11.41 to show the existence of fy(x,y, t, A) and 
Q(x,y,t) satisfying (|2.ip . and (|2.2p . More precisely, 

$(x,y,t,\)= J + C*_(v-1) 
( 7 - 2 ) _ r, j_r *-(x,2/,C)("(*+C2/+C 2 *,C)-i) , JA 

\P± — 1, d x ^±, d y ^!±, dt^± are uniformly bounded in L 2 (dA), 
and for each fixed A^M, i+j + h<k — 4 
(7.3) d x cVd^ £ L^xdydt). 
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In addition, 

Q(x,y,t) = -L f y^(x,y,t,0(v{x + (y + ( 2 t,0-l)d(, 

and for i + j + h < k - 4, i 2 + j 2 > 0, 

(7.4) dl^Q, d t Q, Q G Loo, 

(7.5) dldffiQ, d t Q, Q^OinL^. 
To prove (|1.4p . we note it is equivalent to prove 

(7.6) M x * = (d v Q) (x, y, t)*(x, y, t, A). 

Applying Ai\ to both sides of (|7.2|) and using similar approach as that in the proof 
of Theorem ll.4[ we obtain 

(7.7) .M A * = {d v Q) (x, y, t) + C{M^)_{v - 1). 

Comparing (|7.2[) and (|7.T|) and using the uniqueness result of Theorem 11.31 we 
obtain (|7.6p . The smooth and decay properties of Q can be derived by an argument 
similar to the proof of Theorem 11.41 and conditions ()7.3() - (|7.5|) . 

Since we have obtain the differentiability of ^(x,y,t, A) and Q(x,y,t). The 
compatibility condition of (|2.1j) and (|7.6j) yield (|1.5p . □ 

We conclude this report by a brief remark on examples of Q £ Poo.fc.ij k > 7, 
and the corresponding eigcnfunction Wo nas n0 poles. The first class of examples 
is Pi (~l S (S is the set of Schwartz functions and Pi is defined by Definition [3]) . To 
construct an example with large norm, we let v(x, y, A) = v(x + Xy, A) satisfy 

det(u) = 1, v = v* > 0, v - 1 6 S, 

and for Vi, j, h > 0, 

di&> y d h x (v - 1) € L 2 (R, dA) n Li(R, dA) uniformly, 

d z x d^dx (v — 1) — * m L2(R, dA) uniformly, as \x\, \y\ — » oo. 

We can solve the inverse problem and obtain G <5 by the argument in proving 
Theorcm ll.il Note here we need to use the reality condition v = v* > to show the 
global solvability. Moreover, by using the fomula Qo(x,y) — ^ Jr "00.- ( v ~ l)d£, 
one obtains that Qq is Schwartz and possesses purely continuous scattering data. 
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